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Mathematical foundations of the density functional theory 
dft. An efficient method for theoretical calculations in 
materials science
Resumen
Se presentan los fundamentos matemáticos de la teoría funcional de la densidad DFT en este trabajo. Empezamos con el inicio de la 
mecánica cuántica de esta teoría, es decir, el modelo de Thomas-Fermi (TF), que utiliza la densidad de electrones n (R), una función 
de sólo 3 coordenadas, como la única variable física. A continuación mostramos la fundación formal de DFT, los teoremas de 
Hohenberg y Kohn, expresados en una teoría bien establecida representada por pruebas twoexcited. Le mostramos al final del 
artículo cómo Kohn y Sham (KS) idearon una aplicación práctica y trajeron DFT en los cálculos de la corriente principal de la 
estructura electrónica.
Palabras claves: Teoría funcional de la densidad (DFT), Modelo Thomas-Fermi (TF), Teorema Hohenberg y Khon.
Abstract
We present the mathematical foundations of the Density Functional Theory DFT in this paper. We start with the beginning of 
quantum mechanical of this theory, that is, the Thomas-Fermi (TF) model, which uses the electron density n(r),a function of only 3 
coordinates, as the only physical variable. Then we show the formal foundation for DFT, the Hohenberg and Kohn theorems, 
expressed in a well-established theory represented by twoexcited proofs. We display at the end of the article how Kohn and Sham 
(KS) devised a practical implementation and brought DFT into mainstream calculations of electronic structure.
Keywords: Density functional theory (DFT), Thomas-Fermi model (TF), and Khon Hohenberg theorem.
Introducción
Density Functional Theory (DFT) has been one of 
the most dominant used tools in chemistry and 
physics for calculations of the electronic structure 
of atoms, molecules, crystals, surfaces, and their 
interactions (Parr 1989 & Dreizler 1990). It has 
become very popular and versatile for 
approximations in solid state physics since 1970s, 
as well as after 1990s in Quantum Chemistry, when 
the calculation methods were greatly refined to 
better model the exchange-correlation interaction. 
Nowadays, by using this approach it is possible to 
determine thermodynamic, kinetic as well as 
structural properties with an accuracy comparable 
to that of correlated ab initio methods, but with less 
computational effort. This theory determines the 
properties of a many-electron system by using 
functionals, that is, functions of another function, 
which in this case means the spatially dependent 
electron density. 
To know the history of DFT, we have to go back to 
1927, when Hartree introduced a procedure to 
calculate approximate wave functions and 
energies for atoms and ions, and this is called the 
Hartree function. Some years later, Fock and 
Slater, each by themselves, proposed a self-
consistent function with consideration of Pauli 
principles, and the multi-electron wave function in 
the form of a determinant of one-particle orbitals 
(Slater-determinant) (Slater 1951), to overcome the 
totally no-consideration of the anti-symmetry of 
the electron system. The calculation of Hartree-
Fock model is very complex, so it was not well 
known until 1950s. However, the spirit of Hartree-
Fock model consider what the result will be get is 
only an approximation to the real result. In the 
same year 1927 as the Hartree function was 
proposed, Thomas and Fermi put forward a 
statistical model to calculate the energy of atoms 
by approximate the distribution of electrons in an 
atom (Segura et al., 2007). They expressed the 
kinetic energy of an atom by the functional of 
electron density, and add two classic terms of 
nuclear-electron and electron-electron interactions 
(both of which can be represented in terms of 
electron density) to compute the atom energy. At 
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atom, which is a conclusion of Pauli principle and 
is stated in Hartree-Fock theory, and in 1928 Dirac 
add an exchange energy functional term (Di 
Zhou).
In 1964, Hohenberg and Kohn published a paper 
(Hohenberg et al. 1964), setting up the foundation 
of the DFT in a firm state. Hohenberg and Kohn 
proposed their first theorem, which points out that 
the ground state energy is uniquely and depends 
on the electron density, that is to say, it is a 
functional of the electron density. Their second 
theorem showed that by minimizing the energy of 
the system according to the electron density, the 
ground state energy can be obtained. 
The H-K theorems only provide the truth that 
there exists one-to-one mapping relations between 
electron density functional and system properties, 
but they do not show how exactlythese relations 
are. Kohn and Sham made a publication (Kohn 
1965) one year later than the publishing of 
Hohenberg and Kohn´s important paper, and in 
this article they simplified the multi-electron 
problem into a problem of non-interaction 
electrons in an effective potential. This potential 
contains the external potential and the effects of 
the Coulomb interactions between the electrons, 
that is, the exchange and correlation interactions. 
Dealing the exchange and correlation interaction is 
the difficulty within KS-DFT. So, for that reason, it 
is necessary to use approximations.
 DFT is now a leading method for electronic 
structure calculations in many areas. However, it 
is still difficult to use DFT to treat the strongly 
correlated systems, band gap in semiconductors, 
and strong dispersion systems. So the 
development of DFT is going on as well as its 
future is bright.
The Thomas-Fermi (T-F) theory
The Thomas-Fermi model was the first heuristic 
DFT model put forward independently by these 
authors almost simultaneously with the 
introduction of Hartree-Fock theory. They used a 
statistical model to approximate the distribution of 
electrons in an atom. The mathematical 
background used was to state that electrons are 
spaced out uniformly in phase space with two 
electrons in every h3 of volume. For each element 
of coordinate space volume d3r we can fill out a 
sphere of momentum space up to the Fermi 
momentum Pf 
Becoming equal the number of electrons in 
coordinate space to that in phase space yields:
Equating for pf and substituting in the classical 
kinetic energy formula then leads directly to a 
kinetic energy represented as a functional of the 
electron density:
This is in fact one of the most important ideas of 
modern physics, since it is the first introduction of 
a Local Density Approximation (LDA). When it is 
used together with the electron-nucleus attraction 
energy and the Hartree energy, one obtains the 
Thomas-Fermi energy:
Where Z is the nuclear charge and R is the 
position vector of the nucleus. Only one nucleus 
has been included in this equation, because 
Thomas-Fermi theory does not predict any 
molecular bonding at all. When, for an atom, this 
total functional energy is minimized with respect 
to the density, under the constraint that the spatial 
integral of the density gives the correct number of 
electrons, the ground state is attained.
Hohenberg-Kohn theorems
The Thomas-Fermimethod had severe 
shortcomings.Forty years later, Hohenberg and 
Kohn formulated and proved in a seminal paper 
(Hohenberg et al. 1964) an exact theory based on 
the density. In two remarkably powerful theorems 
they put on solid mathematical grounds and 
formally established the electron density as the 
central quantity describing electron interactions, 
and so devised the formally exact ground state 
method known as density functional theory (DFT). 
Although it has its conceptual roots in the Thomas-
Fermi model, DFT was not put on a firm theoretical 
foundation until these theorems were published. 
They are at the heart of DFT. The first of these 
proves the existence of a one-to-one mapping 
between the ground state electron density and the 
ground state wave function of a many-particle 
system. In addition, the second HK theorem shows 
that the ground state density minimizes the total 
electronic energy of the system. The original HK 
theorems fulfill only for the ground state in the 
absence of magnetic field, but they have since been 





F= T+V  (7)
ee
E =<Ψ │Ĥ│Ψ >andE =<Ψ │Ĥ│Ψ >whereĤ
0 0 0 0,1 0,1 0,1
E=<Ψ │Ĥ│Ψ > = <Ψ │Ĥ│Ψ > + <Ψ │Ĥ - Ĥ│Ψ > 
0 0,1 0,1 0,1 1 0,1 0,1 1 0,1
= E +∫dr n (r)[V (r)V (r)]  (8) 
0,1 0 ext - ext,1
E <Ψ│Ĥ│Ψ> = <Ψ│Ĥ│Ψ> + <Ψ │Ĥ  - Ĥ│> 
0,1 0 1 0 0 0 0 1
=E -∫drn (r)-V (r)  (9)
0 0 ext,1
=F+V  (Eq.6) and Ĥ =F+V
ext 1 1ext,1
F[n(r)]=<Ψ│F│Ψ>(11)
Ev[n(r)]=∫n (r)V (r)dr+F[n (r)]   (12)
1 ext 1
<Ψ│F│Ψ> + <Ψ│V │Ψ> + < Ψ│F│Ψ>+<Ψ│Vext│Ψ> ( 13 )
1 1 1 ext 1




generalized. The first HK theorem is only an 
existence theorem, demonstrating that the 
mapping exists, but does not supply any such exact 
mapping. Therefore, approximations are made in 
these mappings.
The Hohenberg-Kohn theorems are related to 
any system consisting of electrons moving under 
the action of an external potential Vext (r). 
Postulated simply they are as follows:
Theorem 1.
The external potential Vext (r), and hence the total 
energy, is a unique functional of the electron density 
n(r).
The energy functional E[n(r)] referred to in the 
first Hohenberg-Kohn theorem can be expressed 
according to the external potential Vext(r) as:
Where F [n(r)] is an unknown, but otherwise 
universal functional of the electron density n(r) 
only. Properly, a Hamiltonian for the system can 
be expressed such that the electron wave function 
that minimizes the expectation value gives the 
ground state energy.
The Hamiltonian can be expressed in the 
following way,               
Where F is the electronic Hamiltonian formed of 
two components: a kinetic energy operator V  
eer
The electron operator F is the same for all N-
electron systems, hence H is completely defined by 
the number of electrons N, and the external 
potential Vext (r).
Since 1964, the HK theorems have been 
thoroughly scrutinized, and several alternative 
proofs have been found. The proof of the first 
theorem is remarkably simple and proceeds by 
reductio ad absurdum.
Let us assume that a second different external 
potential Vext,1(r) with ground – state |Ψ0,1› 
gives rise to the same density n (r). The ground - 
0
state energies are
Taking │Ψ0,1> as a trial wave-function for the 
Hamiltonian H we obtain the strict inequality
Whereas taking |Ψ > as trial wave-function for 
0
Ĥ1 gives
And adding these two equations together results 
in the contradiction
E0+E0,1<E0+E0,1  (10)
And as a result the ground state density uniquely 
determines the external potential Vext(r), to within 
an additive constant. Stated simply, the electrons 
determine the positions of the nuclei in a system, 
and also all ground state electronic properties, 
because Vext(r) and N completely define Ĥ
Theorem 2.
The ground state energy can be obtained variationally: 
the density that minimizes the total energy is the exact 
ground state density.
The proof of this theorem is straightforward: as 
just demonstrated, n(r) fixes Vext (r), N and Vext 
(r) determine Ĥ and therefore Ψ. Thus Ψ means 
that it is a functional of n (r) and in the same way 
the expectation value of F is also a functional of n 
(r), that is,
A density that is the ground-state of some 
external potential is known as V-representable. So, 
we can define a V-representable energy functional 
EV [n(r)] in which the external potential V (r) is 
unrelated to another density n (r),
1
And the variational principle states,
Where ψ is the wave function associated with the 
correct ground state n(r). This takes to,
And so, we have obtained the variational 
principle of the second Hohenberg-Kohn theorem:
The Hohenberg-Kohn theorems are extremely 
powerful; but they do not offer a way of computing 
the ground state density of a system in practice. 
One year after the seminal DFT paper by 
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E =∫n(r)€ (n(r))dr    (18)
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Hohenberg and Kohn, Kohn and Sham 
(Hohenberg et al, 1964) invented a simple method 
for carrying-out DFT calculations, which maintain 
the exact nature of DFT.
The Kohn-Sham Method
Getting back to equation (12), it can be written as 
Where G[n] is a universal functional of the 
density and it is a minimum for the right density 
function n(r). It also can be written as the sum of 
two parts:
WhereTs is the kinetic energy of the 
noninteracting electrons system, as well as Exc is 
the exchange and correlation energy of an 
interacting system with the density n(r). If this 
function undergoes a sufficiently slow change, 
then
Where € (n) is the exchange and correlation 
xc
energy per electron of a uniform electron gas with 
electron density n(r), as well as assuming that € (n) 
xc
is known.
So, subject to the condition
It is possible to obtain the equation
Where
As well as
Is the exchange and correlation chemical energy.
So far, we have gotten an effective potential φ 
(r)+µ (n) and now the problem becomes to be a 
xc
noninteracting electron system moving in this 
potential. Therefore, given µ , from solving the 
xc
one-particle Schrödinger equation
We get the wave equations set, and of course, we 
obtain n(r)
Using approximations it is possible to get good 
results. Solving equations (21)-(24) in order to get 
the correct n(r), it is necessary to employ the self-
consistent method; that is, to start with an initial 
guess of n(r), put it into (21) and (22) to obtain φ 
and µ to replace them in (23), then to begin again 
xc 
the whole calculation with the new n(r) and to 
repeat it until the convergence is attained [8]. 
Hence, the energy is 
The required conditions in order to obtain this 
result are slowly varying density or high density.
Concluding remarks
The difficulty of dealing with a system of N 
interacting electrons in an external potential V(r) is 
traditionally showed by the 3N-dimensional 
Schrödinger equation for the wavefunction ψ 
(r +r ). DFT recast this problem in terms of the 
1 N
electronic density distribution, n(r) and a universal 
functional of the density E [n(r)]. DFT is regarded 
xc
as accuracy both of Thomas-Fermi theory and of 
Hartree theory. The difficulty of solving the many 
electron Schrödinger equation is substituted by the 
problem of  f inding  suf f i c ient ly  exac t  
approximations to E [n(r)]and the solving suitable 
xc
single electron equations. We make reference to 
the key elements and applications of DFT, namely, 
the Hohenberg-Kohn theorems and The) Kohn-
Sham equations. The latter approach allowsan 
exact description of the interacting many-
particlesystems in terms of an effective non-
interacting particle system. Density functional 
theory provides us with a relatively efficient and 
unbiasedtool
with which to compute the ground state energy 
in realistic models of bulk materialsand their entire 
surfaces. The reliability of such calculations 
depends on the development ofapproximations 
for the exchange-correlation energy functional. 
Significant advanceshave been made in recent 
years in the quality of exchange correlation 
functionals asdependence on local density 
gradients, semi-local measures of the density and 
nonlocalexchange functionals have been 
introduced.
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